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Low’s MHS solution
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 Low’s assumption (Low 1991):   𝛁𝛁 × 𝑩𝑩 = 𝑓𝑓 𝑧𝑧 𝛁𝛁𝐵𝐵𝑧𝑧 × 𝒆𝒆𝒛𝒛 + 𝛼𝛼0𝑩𝑩
 First component: Electric current perpendicular to gravitational force
 Second component: Electric current parallel to the magnetic field
 𝑓𝑓 𝑧𝑧 = 𝑎𝑎𝑒𝑒−𝜅𝜅𝑧𝑧controls the intensity and characteristic length of Lorentz force
 Free parameters: 𝛼𝛼0,𝑎𝑎, 𝜅𝜅

𝒋𝒋 × 𝑩𝑩 − 𝛻𝛻𝛻𝛻 + 𝜌𝜌𝒈𝒈 = 0
𝛁𝛁 × 𝑩𝑩 = 𝝁𝝁𝟎𝟎𝒋𝒋
𝛻𝛻 � 𝑩𝑩 = 0

 MHS equations:

 Solution:



Reference model 1
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 In this test case the plasma density the vector magnetogram for all six boundaries are 
specified for extrapolation. Plus, the pressure scale height in the 3D volume is also 
specified for extrapolation to close the MHS equations.
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The optimization method for the MHS extrapolation

2023/7/10 ISSI & ISSI-BJ Team Meeting 6

 NLFFF equations: 𝛻𝛻 × 𝑩𝑩 × 𝑩𝑩 = 0
𝛻𝛻 � 𝑩𝑩 = 0

 Functional: 𝐿𝐿 = ∫𝑉𝑉 [𝐵𝐵2Ω𝑎𝑎2 + |𝛻𝛻 � 𝑩𝑩|2)]𝑑𝑑𝑑𝑑

where: 𝜴𝜴𝒂𝒂 = [ 𝛻𝛻×𝑩𝑩 ×𝑩𝑩]
𝐵𝐵2

 MHS equation: 𝛻𝛻 × 𝑩𝑩 × 𝑩𝑩− 𝛻𝛻𝛻𝛻 − 𝜌𝜌�̂�𝑧 = 0
𝛻𝛻 � 𝑩𝑩 = 0

 Functional:𝐿𝐿 = ∫𝑉𝑉 [𝐵𝐵2Ω𝑎𝑎2 + |𝛻𝛻 � 𝑩𝑩|2)]𝑑𝑑𝑑𝑑

where: 𝜴𝜴𝒂𝒂 = 𝛻𝛻×𝑩𝑩 ×𝑩𝑩−𝛻𝛻𝛻𝛻−𝜌𝜌�̂�𝑧
𝐵𝐵2+𝛻𝛻

𝛻𝛻 = 𝑄𝑄2, 𝜌𝜌 = 𝑅𝑅2

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑧𝑧𝑒𝑒 𝐿𝐿 𝐵𝐵,𝑄𝑄,𝑅𝑅

 Boundary condition: vector magnetogram

 Initial condition: potential field

 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑧𝑧𝑒𝑒 𝐿𝐿(𝑩𝑩)

 Boundary condition: vector magnetogram + 

plasma distribution (𝛻𝛻 + 𝐵𝐵𝑧𝑧2

2
= 𝛻𝛻𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞)

 Initial condition: NLFFF + atmosphere (trace 

the plasma distribution along the magnetic 

field lines)
 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑧𝑧𝑒𝑒 𝐿𝐿 𝑩𝑩, 𝛻𝛻,𝜌𝜌
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 Since scale height h at all grid points are specified in this test:

 MHS equation: 𝛻𝛻 × 𝑩𝑩 × 𝑩𝑩− 𝛻𝛻𝛻𝛻 − (𝛻𝛻/ℎ)�̂�𝑧 = 0

𝛻𝛻 � 𝑩𝑩 = 0

 Functional:𝐿𝐿 = ∫𝑉𝑉 [𝐵𝐵2Ω𝑎𝑎2 + |𝛻𝛻 � 𝑩𝑩|2)]𝑑𝑑𝑑𝑑

where: 𝜴𝜴𝒂𝒂 = 𝛻𝛻×𝑩𝑩 ×𝑩𝑩−𝛻𝛻𝛻𝛻−(𝛻𝛻/ℎ)�̂�𝑧
𝐵𝐵2+𝛻𝛻

 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑧𝑧𝑒𝑒 𝐿𝐿 𝑩𝑩,𝑄𝑄 𝑤𝑤ℎ𝑒𝑒𝑤𝑤𝑒𝑒 𝛻𝛻 = 𝑄𝑄2

Changes in algorithm for the test

Numerical implementation:
1. Calculate a potential field with Bn on all 6 boundaries
2. Calculate a NLFFF by using optimization method with the vector magnetogram 

on all 6 boundaries
3. Create a gravity stratified atmosphere
4. Iterate (𝑩𝑩,𝑸𝑸) until 𝑳𝑳 reaches minimum
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The MHD relaxation method for the MHS extrapolation

 An evolution method that by slowly changing the bottom magnetic field to drive 
the MHD system to evolve, and finally converges to a stationary state

 Numerical scheme:
 Total Variation Diminishing Lax-Friedrichs (TVDLF)
 2nd order accuracy in time and space

 Remove the ∇ � 𝐵𝐵 by solving Poisson equation with conjugate gradient method
 Boundary condition:

 Bottom: “Stress and Relax”
 Others: potential field

 Friction coefficient: 𝜇𝜇 = 0.1
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 Since scale height h at all grid points are specified in this test:

Changes in algorithm for the test

Numerical implementation:
1. Calculate a potential field with Bn on all 6 boundaries
2. Create a gravity stratified atmosphere
3. Slowly change the magnetic field on all 6 boundaries to drive the system, until 

it converges

𝛻𝛻 = 𝜌𝜌𝑔𝑔ℎ
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Results: Magnetic field
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Reference Model A

C

B

D
Potential field: D

 MHS by MHD
 MHS by opt.
 NLFFF by opt.
 Potential field

B is over-twisted?



Results: Magnetic field
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Reference Model MHS by optimization

MHS by MHD relaxation

NLFFF by optimization

Potential field

 Potential field lines lack twist
 NLFFF looks a bit over-twisted
 MHS extrapolations perform better 

than NLFFF



Results: Magnetic field

2023/7/10 ISSI & ISSI-BJ Team Meeting 13

Reference Model MHS by optimization

MHS by MHD relaxation

NLFFF by optimization

Potential field
Visual rank:
1. MHS by MHD relaxation
2. MHS by optimization
3. NLFFF by optimization
4. Potential field



Results: Magnetic field
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Reference Model MHS by optimization

MHS by MHD relaxation

NLFFF by optimization

Potential field

Visual rank:
1. Two MHS methods
2. NLFFF by optimization
3. Potential field



Results: Magnetic field
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Reference Model MHS by optimization

MHS by MHD relaxation

NLFFF by optimization

Potential field
Visual rank:
1. MHS by MHD relaxation
2. MHS by optimization
3. NLFFF by optimization
4. Potential field



Results: Magnetic field
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Model Cvec CCS 1-En 1-Em E/Er <fi>× 𝟏𝟏𝟎𝟎𝟒𝟒 1-FLD(A/F)

Ref. Field 1 1 1 1 1 32.8 1/1

Pot. Field 0.94 0.82 0.56 0.46 0.78 14.8 0.21/0.13

Nlff by Optim. 0.98 0.97 0.81 0.82 0.81 24.7 0.71/0.44

MHS by Optim. 1.00 0.99 0.92 0.90 1.03 32.8 0.94/0.90

MHS by MHD 1.00 1.00 0.95 0.94 0.99 31.8 0.96/0.96

 E/Er: Magnetic energy of extrapolation over magnetic energy of reference model

 FLD: Field Line Divergence, a score to evaluate how well the topology is recovered



MHS by optimization

Results: Lorentz force
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Reference Model

NLFFF by optimizationMHS by MHD relaxation

Lorentz force vector at height 0.2 Mm

Model Cvec CCS 1-En
Ref. Field 1 1 1

Nlff by Optim. 0.97 0.46 0.40
MHS by Optim. 0.99 0.64 0.74
MHS by MHD 0.99 0.69 0.78

Metric calculated in the whole region



Results: Plasma pressure
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Reference Model MHS by optimization MHS by MHD relaxation

Height: 0.1Mm

Height: 0.5Mm

 Plasma pressure close to 
the bottom boundary well 
recovered

 Optimization: Circular 
depletion area well 
recovered, but with ring 
oscillation

 MHD relaxation: No 
oscillation, but the 
circular depletion area is 
not well recovered



Results: Plasma pressure

2023/7/10 ISSI & ISSI-BJ Team Meeting 17

Co
rr

el
at

io
n 

co
ef

fic
ie

nt
 (c

.c
.)

Height

 Solid line: c.c. between MHS 
optimization and ref. model

 Dotted line: c.c. between MHS 
relaxation and ref. model

 The optimization method 
performs better overall, but 
the performance decreases 
quickly over height
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Summary
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 In the Low’s test case, the MHS extrapolations reconstruct accurate 
magnetic field (better than the NLFFF). 

 The performance in recovering the Lorentz force is also acceptable. 
 The plasma pressure can be recovered accurately near the bottom 

boundary. The result is not very good as the height increase.
 Keep in mind that we use all of boundary conditions, plus temperature 

condition in 3D box as input.

THE END
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